The set of residue classes, modulo any positive integer, is commutative and associative under the operation of multiplication.
The author made the conjecture:
For each finite commutative semigroup, S, there exists a positive integer, n, such that S is isomorphic with a subsemigroup of the multiplicative semigroup of residue classes (mod n). (A semigroup is a set closed with respect to a single-valued associative binary operation.)
A counter-example to the above follows: Let S be the set, {z, a, b, c}, with all products defined to be z except bc = cb -a.
Assume that there exists a positive integer, n, and four distinct residue classes, z, a, b, c (mod n) forming a system under multiplication isomorphic with S. Form the residue classes, 0=3 -2, a'=a -z, b' -b-z, c' -c -z. For x and y any ordered pair of z, a, 0, c, we have ix -z)iy-z)=xy~z -z+z = xy -z. Thus, 0, a', b', c' form a multiplicative semigroup isomorphic with S, where 0 is the zero residue class. The following must hold: o'2 and c'2 are each the zero residue class (mod n), but b'c' is a nonzero residue class; i.e., w|/32, ra|72, n\fiy, where /3 and 7 are integers in the residue classes 0' and c' (mod n) respectively.
Since m|/32 and «|72, it follows that n2\$2y2, and n\(3y. The desired contradiction has been obtained. We begin the main result of this paper with a Definition.
For each prime-power, pk, and each positive integer, m, we define a basic semigroup, aipk, m), with generators x and y, identity 1, annihilator 0, and commutative multiplication defined by: (Letters used as exponents denote non-negative integers; the convention is adopted that any element to the zeroth power is 1.)
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It follows that x is a generator of a cyclic group of order pk, and ym = 0.
We shall prove the Principal Theorem.
The necessary and sufficient condition that a semigroup, S, be embeddable in a multiplicative semigroup of residue classes, modulo some positive integer, is that S be embeddable in a direct product of finitely many basic semigroups.
We note that if a semigroup is embeddable in a second semigroup, then each sub-semigroup of the former is embeddable in the latter. Thus the principal theorem is equivalent to the following two theorems collectively: Theorem I. Each multiplicative semigroup of residue classes is embeddable in a direct product of finitely many basic semigroups.
Theorem
II. Each direct product of finitely many basic semigroups is embeddable in a multiplicative semigroup of residue classes.
We proceed now to a lemma, which may be in the literature:
Lemma. // n = p\'p^ ■ ■ ■ pCn, where pi, p2, • ■ ■ , pn are distinct primes, and C\, c2, ■ ■ • , cn are positive integers, then the multiplicative semigroup of residue classes (mod re) is isomorphic with the direct product of the multiplicative semigroups of residue classes (mod p\),
Proof. The result follows immediately by induction once we prove that if « = reire2 with (rei, n2) = 1, then the multiplicative semigroup of residue classes (mod re) is isomorphic with the direct product of multiplicative semigroups of residue classes (mod Wi) and (mod n2). First, the correspondence between residue classes (mod re) and ordered pairs of residue classes (mod Wi) and (mod re2) is one-to-one.2 Since the sets of residue classes =0 (mod rei), (mod re2) constitute ideals, we ignore addition and have our result.3
We observe that, if S\, S{, S2, S2 are semigroups such that Si is embeddable in S{ and S2 is embeddable in S{, then the direct product of Si and 52 is embeddable in the direct product of S{ and S2. By induction, this is true for any finite number of pairs of semigroups.
Applying the lemma, we may assert that Theorem I will be established when we prove:
Theorem la. Each multiplicative semigroup of residue classes modulo a prime-power is embeddable in a direct product of finitely many basic semigroups.
Similarly, Theorem II follows when we prove: Theorem I la. For each basic semigroup, <ripk, m), there exist infinitely many primes, q, such that aipk, m) is embeddable in the multiplicative semigroup of residue classes (mod qm).
Proof of Theorem la. Case 1. The modulus is pc, where p is an odd prime.
It is well known that the residue classes relatively prime to an odd prime-power modulus form a cyclic4 group under multiplication. Let r be a primitive root of pc. The multiplicative semigroup of residue classes (mod pc) is generated by r and it, with commutative multiplication satisfying that is, r = u (mod p^'^Ylu) qV); r = u (mod p°-'-l(p-1)); or, r = u (mod (p(pc~)). Conversely, if 0^5<c, and r = u (mod <p(pc~")), the congruence may be factored into the preceding moduli, and the correspondences hold in the <r» and the a*, so that
This completes the proof of Case 1. Case 2. The modulus is 2C. For c^3, using some known results,5 we may assert that the multiplicative semigroup of residue classes is generated by -1, -3, 2, and that Using 4>iqm) =qm~1iq -1) and the assumption that (q-l)/pk is an integer, an elementary calculation shows that the first of these conditions holds if and only if r = u (mod pk).
Thus, the semigroup generated by / and q is isomorphic with aipk, m), and the proof is complete.
Final remarks. The principal theorem is rather analogous with the "Basis Theorem for Abelian groups." Trivially, if 2 is a semigroup embeddable in a multiplicative semigroup of residue classes, then such is also true for each sub-semigroup of 2. Another immediate corollary is that if two semigroups are embeddable in multiplicative semigroups of residue classes, then their direct product is likewise embeddable.
(This latter property was the crucial question in the investigations leading to this paper.) From another standpoint, the analogy with the Basis Theorem breaks down. There exists a semigroup embeddable in a multiplicative semigroup of residue classes having a homomorphic image which fails to have this property. Let p be an odd prime. The residue classes (mod p3) containing 0, p2, -p2, p, -p are distinct, and form a multiplicative semigroup. Let 0 and p2 correspond to z, -p2 to a, p to b, and -ptoc. We have a homomorphic image with 5 (at the beginning of the paper).
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